INTRODUCTION
That the Brauer group of a cocommutative coalgebra need not be equal to the Brauer group of the dual algebra is a good thing because it provides a certain richness to the theory. On the other hand, the relation between the coalgebraic theory and the Brauer group of a local ring is one of the main motivations to further the study in the coalgebra case.
Since a cocommutative coalgebra may be viewed as the direct sum of irreducible coalgebras its Brauer group reduces to a product of Brauer groups of irreducible cocommutative coalgebras. Hence it is enough to restrict our attention to the irreducible case. In this paper, for a cocartesian diagram of If we compare to the Mayer-Vietoris sequence in ring theory (see 1]), there is an interesting simpli cation presented in the coalgebra theory due to the fact (Proposition 4.1) that the Picard group of a cocommutative coalgebra vanishes. The sequence is derived from a dual version of the classical Milnor's theorem (Theorem 3.6) . This relates the category of nitely cogenerated injective comodules over the coalgebras appearing in the cocartesian diagram. More concretely, the category of nitely cogenerated C-comodules I(C) i s e q u i v alent to the bre product category I(C 1 ) I(C) I(C 2 ): Similar theorems are deduced for the category of nitely cogenerated injective cogenerators (Corollary 3.9) and Azumaya coalgebras (Corollary 3.11).
As application of the Mayer-Vietoris sequence, for a cocommutative irreducible coalgebra C over a eld k, its universal connected coalgebra R(C) can be viewed in a cocartesian diagram involving C, its coradical C 0 , and the ground eld (Example 4.4). An exact sequence relating the Brauer group of the above coalgebras is derived (Corollary 4.5). When the ground eld is nite, then Br(C) = Br(R(C)): Let X 2 M C , w e s a y that X is nitely cogenerated if it is isomorphic to a subcomodule of C (n) for some n 1, where C (n) denotes the direct sum of C n times. X is free if X is isomorphic to C (I) for some set I. X is said to be a cogenerator if for any comodule M 2 M C , M , ! X (I) , for some set I, a s comodules. X is injective if the functor Com ;C (; X ) is exact, or equivalently, the functor X2 C ; is exact. If we assume that X D is a quasi-nite comodule, then e ;D (X) = h ;D (X X) is a coalgebra, called the co-endomorphism coalgebra of X. The comultiplication of e ;D (X) corresponds to (1 ) : X ! e ;D (X) e ;D (X) X in (2) when C = k and the counit of e ;D (X) corresponds to the identity map 1 X .
Let C X D be a bicomodule such that X D is quasi-nite. Then there exists a coalgebra map : e ;D (X) ! C such that the left C-comodule structure map equals ( 1) . C o n versely, a coalgebra map : e ;D (X) ! C makes X into a ( C ; D)-bicomodule.
In this paragraph we recall the notion of Azumaya coalgebra, the Brauer group of a cocommutative coalgebra and some of its properties. We refer the reader to 3] for the construction of the Brauer group and to 4] for the relative Brauer group and its cohomological interpretation.
Brauer group: A coalgebra map f : D ! E is said to be cocentral if Br(C): If C is of nite dimension, the Brauer group of C is isomorphic to the Brauer group of the commutative algebra C : Since C is cocommutative, C can be expressed as C = i2I C i where each C i is an irreducible subcoalgebra and we h a ve that Br(C) = (1) I(C), the category of nitely cogenerated injective l e f t C-comodules and C-colinear maps with product the direct sum. Then P 2 I(C) if and only if P is a direct summand of C (n) for some n 1.
(2) CI(C), the nitely cogenerated injective cogenerators C-comodules and C-isomorphisms, with product the cotensor product 2 C . Then M 2 CI(C) i f and only if C is a direct summand of P (n) and P is a direct summand of C (m) for some m n 1.
(3) Az(C), the Azumaya C-coalgebras and C-coalgebra maps with product 2 C . W e recall that a C-coalgebra A is Azumaya i f A is C-coseparable and C-cocentral. If P 2 CI(C) then e ;C (P ) 2 Az(C), cf. 3, Cor. 4.2].
Let f : C ! D be a map of cocommutative coalgebras. If P(C) i s a n y o f these three categories, then the functor F(;) = ;2 D C : P(D) ! P(C) i s a product preserving functor.
If we suppose that C is an irreducible cocommutative coalgebra, then quasinite injective comodules are nitely cogenerated injective comodules. Proposition 3.1 Let C be an irreducible cocommutative coalgebra a n d P an injective right C-comodule. Then, P is nitely cogenerated if and only if P is quasi-nite.
Proof. If P is nitely cogenerated then P , ! C (n) for some n 1. Let F be a nite dimensional C-comodule, we h a ve from (1)
Hence P is quasi-nite. This implication is always true, we do not need the injectivity o f P and irreducibility of the coalgebra.
Conversely, w e suppose that P is quasi-nite. As P is injective a n d C is irreducible it follows that P is free, cf. 5, A.2.2]. But a comodule that is quasi-nite and free has to be nitely cogenerated. ?
Im(f 1 ;f 2 ) , o r e quivalently, the following sequence is exact:
Any C-comodule may be viewed as a C i -comodule and every C i -comodule is a C-comodule, i = 1 2. For P 2 I(C) w e apply the functor P2 C ; to (3).
So, we h a ve:
where f i = 1 2f i g i = 1 2g i for i = 1 2. If P i denotes P2 C C i , then P i 2 I(C i ) and we h a ve an isomorphism of C-comodules P i 2 C i C = P2 C C i 2 C i C = P2 C C: We p u t P i = P i 2 C i C i= 1 2. Then, P 1 = P2 C C = P 2 . L e t : P 1 = P 2 be this isomorphism of C-comodules. If we consider the P i as C-comodules then Im( f 1 ; f 2 ) i s a C-subcomodule of P 1 P 2 and P is isomorphic to P 1 P 2 Im( f 1 ; f 2 ) : Now, we consider the converse problem, i.e, given P i 2 I(C i ) i = 1 2 s u c h that : P 1 2 C 1 C = P 2 2 C 2 C is an isomorphism of C-comodules, is there a C-comodule P 2 I(C) s u c h that P2 C C i = P i for i = 1 2? If we impose that either f 1 or f 2 in (3) is injective, then the above question has a positive a n s w er.
Let P i 2 I(C i ) i = 1 2 such that : P 1 2 C 1 C ! P 2 2 C 2 C is an isomorphism of C-comodules. Let " denote the counit of the coalgebras appearing in (3), " = 1 " and f i : P i 2 C i C ! P i 2 C i C i to be the map 12f i , then " = " f i for i = 1 2. Moreover, if we identify P i 2 C i C i and P i i = 1 2 via ", Im( f 1 ; f 2 ) = Im( " ; " ). We de ne P = P 1 P 2 Im( " ; " ) P is C-comodule. In fact, P is nothing else but the pushout of P 1 2 C 1 C -P 2 2 C 2 C " -P 2 " ? P 1 From now on, we denote P i 2 C i C by P i i = 1 2 and P by ( P 1 P 2 ). We construct the bred product category C = I(C 1 ) I(C) I(C 2 ): Obj(C): C-comodules of the form (P 1 P 2 ) with P i 2 I(C i ) i = 1 2 a n d : P 1 ! P 2 an isomorphism of C-comodules. Hom(C): Given (P 1 P 2 ) (Q 1 Q 2 ) 2 C a morphism f : ( P 1 P 2 ) ! (Q 1 Q 2 ) i s a p a i r o f C i -comodule maps f i : P i ! Q i i = 1 2 making the following diagram commutative:
?
With these conventions, we h a ve the following facts: 1) C = (C 1 C 2 1 C ) where 1 C denotes the identity map in C. 2) f is an isomorphism if and only if f i is an isomomorphism for i = 1 2: 3) (P 1 P 2 ) (Q 1 Q 2 ) = (P 1 Q 1 P 2 Q 2 ). Next we de ne elementary maps for coalgebras. Let C be a coalgebra.
is a C-colinear map then f induces n 2 C-colinear maps f ij : C ! C for i j = 1 ::: n de ned by the composition:
where l i is the injection at position i and j is the projection at position j for i j = 1 ::: n. So, f can be represented as a matrix of C-colinear maps f = ( f ij ) i j . Let End ;C (C (n) ) denote the space of right C-colinear maps from C (n) to C (n) . We de ne a product in End ;C (C (n) ) as follows: Let f g 2 End ;C (C (n) ) be represented as matrices f = ( f ij ) i j g= ( g ij ) i j , w e de ne h = gf to be h = ( h ij ) i j where h ij = P n k=1 g ik f kj . Using (1), End ;C (C (n) ) with this product is isomorphic to the matrix algebra M n (C ): The space Aut ;C (C (n) ) of all bijective C-colinear maps from C (n) to C (n) is a subgroup of End ;C (C (n) ) with respect to the above product. We write 1 C for the identity map of C. For 2 Aut ;C (C (n) ) w e obtain the following identity:
Since the maps on the right hand side are elementary, i t f o l l o ws that ;1 2 E 2 (C (n) ). We denote C i 2 C C by C i , then we h a ve C i = C i 2 C C = C for i = 1 2. We identify C 1 C 2 and C. ) where i = i 21 for i = 1 2. Then there is an isomorphism of C-comodules
Proof. The isomorphism is the map induced by 1 2 ;1 : C 1
. This map is an isomorphism since 1 2 ;1 are so. where we h a ve used the fact that g uv is a C 1 -comodule map. Using this equality, we obtain that = g 1 C (n) 1 C (n) 1
and from the preceding lemma, :
) is a nitely cogenerated injective C-comodule. Theorem 3.6 Suppose that in the cocartesian diagram (3), either f 1 or f 2 is injective. Let P i 2 I(C i ) i = 1 2 and let : P 1 = P 2 be a C-isomorphism where P i = P i 2 C C:Then the C-comodule (P 1 P 2 ) = P 1 P 2 Im( " ; " ) belongs to I(C). Moreover, (P 1 P 2 )2 C C i = P i i = 1 2:
Finally, let Q i 2 I(C i ) i = 1 2 and let 0 : Q 1 = Q 2 be a C-isomorphism. Proof. Let P i 2 I(C i ), then there is Q i 2 I(C i ) such t h a t P i Q i = C (n) i for i = 1 2. : P 1 = P 2 induces an isomorphism of C-comodules given by the composition:
We h a ve ( P 1 P 2 ) (C
) 2 I(C) b y the foregoing lemma. Hence, (P 1 P 2 ) 2 I(C): For the second claim, rst we see that for all 2 Aut ;C (C (n) ) w e h a ve: 
and f g is an isomorphism. Hence f and g are isomorphisms. Now, we consider the identity,
Cotensoring this identity w i t h ;2 C C i , de ning maps similar to the above a n d then using the foregoing fact we obtain that (P 1 P 2 )2 C C 1 = P 1 : Finally, let P = ( P 1 P 2 ) and Q = ( Q 1 Q 2 0 ) and : P = Q an isomorphism of C-comodules. Let i : P2 C C i = P i i : Q2 C C i = Q i i = 1 2 be the isomorphisms of C i -comodules. We consider the following commutative diagram: Then are isomorphisms such that 0 = : Corollary 3.7 I(C) and I(C 1 ) I(C) I(C 2 ) are e quivalent categories. 
: Thus C = (C 1 C 2 1 C ) is a direct summand of (P 1 P 2 ) (m) , s o t h a t ( P 1 P 2 )
2 CI(C): For the second claim, rst we prove that if 2 Aut C (C) then
In order to prove this, we cotensor the equalities below with each o t h e r (C
and de ne maps as in the proof of the above theorem. Since the claim is true for triples of this form, it is also true for direct summand of such triples by a n argument similar to the one given before. Corollary 3.9 CI(C) and CI(C 1 ) CI(C) CI(C 2 ) are e quivalent categories. The foregoing result is also true for the category Az(C) when all coalgebras are irreducible. This condition is not restrictive since the computation of the Brauer group of a coalgebra only requires the computation of the Brauer group of its irreducible subcoalgebras, cf. 3, Th. 4.9]. If D i are C i -coalgebras i = 1 2 such that : D 1 2 C 1 C = D 2 2 C 2 C is an isomorphism of C-coalgebras, it is routine to check that (D 1 D 2 ) i s a C-coalgebra. Lemma 3.10 Suppose that in the cocartesian diagram (3) coalgebras are i r r educible and either f 1 or f 2 is injective. If P = ( P 1 P 2 ) 2 I(C 1 ) I(C) I(C 2 ) then e ;C (P ) = (e ;C 1 (P 1 ) e ;C 2 (P 2 ) ).
Moreover, e ;C (P i 2 C i C) = e ;C i (P i )2 C i C for i = 1 2:
Proof. From 6, Prop. 3.1] we know that for a nitely cogenerated free Ccomodule Q = C (n) e ;C (Q) = M c (C n) the n n comatrix coalgebra over C,
i.e, C k n : Since P i 2 I(C i ) i = 1 2, and the coalgebras are irreducible we
. A s P 1 = P 2 , C (n) = C (m) and then n = m. T h us, we m a y suppose that = 1 C (n) . Hence P = C (n) and e ;C (P ) = C k n = (C 1 C 2 1 C ) k n = (C 1 k n C 2 k n 1 C (n) ) = (e ;C 1 (P 1 ) e ;C 2 (P 2 ) 1 C (n) ): Finally, e ;C (P i 2 C i C) = C k n = (C i 2 C i C) k n = (C i k n )2 C i C = e ;C i (P i )2 C i C i = 1 2: We recall from 3, Prop. Proof. If P is an invertible C-comodule, then P de nes an equivalence from M C to itself. From 2, Th. 3.5] we obtain that P is a quasi-nite injective cogenerator. When C is irreducible, from Proposition 3.1 we r e t a i n t h a t quasi-nite injective implies nitely cogenerated injective, hence P is nitely cogenerated injective and invertible, so P is isomorphic to C. I f C is cocommutative t h e n C = i2I C i with C i irreducible for all i 2 I. E v ery C-comodule P is isomorphic to i2I P i with P i = P2 C C i and P is invertible if and only if P i is invertible as C i -comodule. Since C i is irreducible then P i = C i and P = i2I P i = i2I C i = C. 
? e ;C (P 1 2 C 1 C) = e ;C 1 (P 1 )2 C 1 C = D 1 2 C 1 C = D 2 2 C 2 C = e ;C 2 (P 2 )2 C 2 C = e ;C (P 2 2 C 2 C):
Let 0 : e ;C (P 1 2 C 1 C) ! e ;C (P 2 2 C 2 C) denote this isomorphism. By the foregoing proposition, 0 is induced by a C-isomorphism : P 1 2 C 1 C ! P 2 2 C 2 C.
Therefore, D = ( D 1 D 2 ) = (e ;C 1 (P 1 ) e ;C 2 (P 2 ) 0 ) = e ;C ((P 1 P 2 )):
By Theorem 3.8, (P 1 P 2 ) 2 CI(C). So D] = C] i n Br(C). 
CI(C) s u c h t h a t
(E 1 2 C 1 C)2 C e ;C (P ) = (E 2 2 C 2 C)2 C e ;C (P): Since C is irreducible we m a y suppose P = C (n) Q = C (m) and in view of Lemma 3.10 the above equality transforms to: E 1 2 C 1 M c (C n) = E 2 2 C 2 M c (C m): Put P 1 = C (n) 1 and P 2 = C (m) 2 , then (E 1 2 C 1 e ;C 1 (P 1 ))2 C 1 C = (E 1 2 C 1 M c (C 1 n ))2 C 1 C = E 1 2 C 1 M c (C n) = E 2 2 C 2 M c (C m) = (E 2 2 C 2 M c (C 2 m ))2 C 2 C = (E 2 2 C 2 e ;C 2 (P 2 ))2 C 2 C: Let be this isomorphism and E = ( E 1 2 C 1 e ;C 1 (P 1 ) E 2 2 C 2 e ;C 2 (P 2 ) ). By Taking into account that the Brauer group of a nite eld is trivial, we obtain: Corollary 4.6 If C is a cocommutative irreducible coalgebra over a nite eld k then Br(C) = Br(R(C)):
